We consider coherent atomic tunneling between two weakly coupled BoseEinstein condensates (BEC) at T=0 in (possibly asymmetric) double-well trap. The condensate dynamics of the macroscopic amplitudes in the two wells is modeled by two Gross-Pitaevskii equations (GPE) coupled by a tunneling matrix element. The evolution of the inter-well fractional population imbalance (related to the condensate phase difference) is obtained in terms of elliptic functions, generalizing well-known Josephson effects such as the 'ac' effect, the 'plasma oscillations', and the resonant Shapiro effect, to nonsinusoidal regimes. We also present exact solutions for a novel 'macroscopic quantum self-trapping' effect arising from nonlinear atomic self-interaction in the GPE. The coherent BEC tunneling signatures are obtained in terms of the oscillation periods and the Fourier spectrum of the imbalance oscillations, as a function of the initial values of GPE parameters. Experimental procedures 1 are suggested to make contact with theoretical predictions.
Typeset using REVT E X I. INTRODUCTION Bose-Einstein condensation, predicted some 70 years ago [1, 2] , was detected in 1995, in alkali atoms held in magnetic traps, where a non-thermal velocity distribution below a critical transition temperature signaled macroscopic condensation into a single quantum state [3] [4] [5] .
The existence of a quantum phase of the macroscopic wave function was demonstrated by dividing a magnetic trap into two condensates by a far off-resonant laser. On switching off the confining traps and barrier, the condensates, of different phases, overlapped, producing robust interference fringes [6] . The non-destructive detection of a coherent phase difference could be implemented by ac Bose-condensate analogs of Josephson effects that occur in superconductor Josephson junctions (SJJ) [7] ,or other phase coherent oscillations [8] .
The macroscopic wavefunction of N condensate atoms Ψ(r, t) of a Bose condensate in a trap obeys the Gross-Pitaevskii equation (GPE) [9] . The GPE has been applied to study the collective mode frequencies of a trapped BEC [10, 11] , the relaxation times of monopolar oscillations [12] , and chaotic behavior in dynamical quantum observables [12, 13] . For two Bose condensates in a double-well trap with N 1 , N 2 atoms, one can write down wavefunctions that have their spatial variation described by the isolated trap eigenstates Φ 1,2 (r) and their time-dependence by amplitudes ψ 1,2 (t) = N 1,2 (t)e iθ 1,2 (t) . These amplitudes also obey two GPE-like equations coupled by a tunneling matrix element between the two traps [14] , with spatial variation integrated out into constant GPE parameters. The tunneling dynamics can be written in terms of the fractional population difference z(t) ≡ (N 1 (t) − N 2 (t))/N T , where N T = N 1 + N 2 , a constant; and the relative phase φ(t) ≡ θ 1 (t) − θ 2 (t). Predictions for z(t), φ(t) oscillations have been made from numerical solutions of the tunneling dynamical equations for z(t), φ(t) [14] . As we suggested earlier, [14] , the ability to tailor traps, and the non-ideal nature of the BEC should, remarkably, make the (neutral atom) double-well BEC closer to the charged-pair SJJ than to neutral-atom HeII, and lead to Josephson-lke effects in a Bose system. Non-sinusoidal generalizations of the familiar [7] sinusoidal Josephson effects in SJJ emerge, including the 'plasma' or population imbalance oscillations (for symmetric traps); the 'ac' effect (for asymmetric traps); and the resonant Shapiro effect (for asymmetric traps with imposed trap/barrier oscillations). In addition, and as a consequence of the nonlinear atomic self-interaction of the nonideal Bose gas, a novel 'macroscopic quantum self-trapping' (MQST) effect was predicted [14] with population oscillations around a selfmaintained imbalance, beyond a critical value Λ c (z(0), φ(0)) of the ratio Λ ≡ UN T /2K of the self-interaction to the tunneling matrix element. Mechanical analogs, e.g., in terms of a non-rigid pendulum, clarify the rich dynamical behavior. Experimental detection of predicted effects could be through temporal modulations (of the order of milliseconds) of phase-contrast fringes [6] or other probes of atomic populations [3] , with integrated signal ∼ z(t). Oscillating currentsż(t) might be monitored by Doppler interferometry methods.
The nonlinear GPE tunnelling equations for the macroscopic amplitudes ψ 1 (t), ψ 2 (t) are formally identical to equations governing a physically very different problem -a single electron in a polarizable medium, forming a polaron [15] . Exact solutions have been found [15] , for the discrete nonlinear Schrödinger equation (DNLSE) describing the motion of the polaron between two sites of a dimer.
This paper is an extension of our previous work [14] , presenting exact solutions that apply to BEC tunneling between two symmetric wells. The fractional population imbalance z(t) (and the related phase difference φ(t)) can be written in terms of Jacobian or Weierstrassian elliptic functions for symmetric and asymmetric well cases. (These reduce to sinusoidal SJJ dependences in the linearized, noninteracting Bose gas limit.) The period of the non-sinusoidal oscillations is obtained in terms of the tunneling and other double-well parameters and total atomic densities. The frequency spectrum, with harmonics of these basic frequencies, is also obtained. Just at Λ = Λ c , the onset of MQST, there is a 'critical slowing down', with a simplified analytic form governing the relaxation of z(t) to its nonzero asymptotic value. Thus, the predicted Josephson effect generalizations and MQST effects are obtained as exact elliptic functional predictions, that can be experimentally tested.
The plan of the paper is as follows: In Section II (and Appendix A), we obtain the coupled GPE tunneling equations for z(t), φ(t), and discuss the varied oscillations in terms of mechanical analogs, pointing out similarities and differences with SJJ. In Section III, we cast the GPE equations in terms of imbalance z(t), and variables i(t), e(t) related to the Josephson tunneling current and coupling energy respectively. For the symmetric well case, the exact solutions for z(t) follow immediately in terms of Jacobian elliptic functions. The time-period τ (Λ, z(0), φ(0)) and Fourier spectrum z(ω) are also obtained. The generalized
Josephson plasma oscillation and the MQST effect and its onset are discussed. In Section IV, we consider the (static) asymmetric double well, with the 'ac Josephson effect' and z(t)
oscillation expressed in terms of Weierstrassian elliptic functions. The analog of the Shapiro resonance is considered in Section V, with an imposed incremental oscillation in the tunneling matrix element. Finally, we suggest possible experimental procedures to set up various initial conditions/parameter regimes and summarize our results in Section VI. For completeness, Appendix B contains an outline of elliptic function properties and relations.
II. TUNNELING DYNAMICS EQUATIONS
The BEC wavefunction Ψ(r, t) in a single trap potential V ext (r, t) is known to satisfy the Gross-Pitaevskii equation [9] at T = 0 (with derivation and possible T = 0 corrections sketched in Appendix A),
2 a/m, and a is the scattering length of the atoms. Consider a double-well trap, produced by a laser barrier [6] , with isolated well GPE (normalized) eigenfunctions Φ 1,2 (r) in wells 1, 2, of equal occupations N T /2 = N 1 = N 2 , with eigenvalues, E 1,2 ,
2)
The amplitudes
with general occupations N 1,2 (t) and phases θ 1,2 (t), now including the inter-well tunneling, obey the dynamical equations [14] , 
is a constant. The fractional population imbalance
and relative phase
where
and we have rescaled to a dimensionless time, t2K/h → t. There must be a minimum population N 1,2 ≥ N min , so phase fluctuations [16, 17 ] ∼ 1/ √ N min are small and phase differences are stiff. For ∼ 3% errors, we take N min ∼ 10 3 atoms and have |z| < ∼ |1 − 2N min /N T |, that can be satisfied. The tunneling current I, and a scaled current i ≡ I/(N T /2) are given by
The coupling energy W and a scaled energy w ≡ W/(N T /2) are given by
The equations of motion (2.7) can be written in Hamiltonian forṁ
with H = Λz
We now consider the SJJ tunneling equations, for comparison with the BEC tunneling equations above. The Josephson (charged) current of Cooper pairs N 1,2 , with critical junction current I J ≡ 2eE J /h, is given by
and the Josephson frequency relation is
where φ is the superconductor phase difference, ∆µ is the chemical potential difference, and v ext is an applied voltage across the junction. E c (N 1 − N 2 ) is the capacitive charging energy induced by a Cooper pair imbalance N 1 − N 2 , with E c = (2e) 2 /2C the energy related to the transfer of a single pair, C being the junction capacitance. In terms of the fractional pair
where now
For the SJJ, the requirement [7] that the chemical potential difference ∆µ be smaller than the quasiparticle gap 2∆ qp (so as to prevent a jump onto the resistive I − V branch), 16) and can be regarded (for ∆E SJJ = 0) as a 'particle' of mass Λ and y linear pendulum-bob coordinates have a physical significance, as the SJJ tunneling currrent i and coupling energy e respectively, similar to Eqs. (2.9,2.10), with x(t) = − sin φ ≡ i(t), y(t) = − cos φ ≡ w(t) and a rigid pendulum,
The Josephson effects in SJJ follow at once from physical considerations:
i. Plasma oscillations: For ∆E = 0, the 'particle' of coordinate x ↔ φ can oscillate with small amplitude in one of the potential wells of cos φ. This corresponds to small, harmonic oscillations in angle φ of the rigid pendulum. Linearizing Eq. (2.14) in φ ≪ 1 yieldsz ≈ −Λ SJJ z or a sinusoidal population imbalance oscillation, 18) where (in unscaled units),
independent of initial conditions z(0), φ(0).
ii. ac effect: For a dc voltage ∆E = 0, the particle has an imposed velocity, and moves between the cos φ minima over the barriers. In the pendulum analogy, the external drive enforces rotatory motion at an angular velocity ∼ ∆E SJJ . The phase, for ∆E ≫ Λ|z| increases linearly with time, φ(t) ∼ ∆Et/h, and the sinusoidal z(t) oscillation, similar to Eq. (2.18) has angular frequency 20) independent of z(0), φ(0), and Λ.
iii. Shapiro resonance effect: If we have a small incremental ac voltage in addition to an applied dc voltage, ∆E → ∆E(1 + δ 0 cos ω 0 t); δ 0 ≪ 1, then at resonance ω 0 = ω ac , there is a dc tunneling current or a nonzero time average ż(t) ∼ δ 0 sin(ω ac t + φ(0)) sin ω 0 t = 0. This Shapiro resonance repeats at higher harmonics ω ac = 2π/τ ac = nω 0 , n = 1, 2, . . . , with characteristic Bessel function coefficients J n (nδ 0 ) [7] .
We expect that the BEC will show the analogs of these Josephson effects, with sinusoidal time dependences, in the limit Λ ≪ 1, pr for general Λ, with |z|, |φ| ≪ 1. As shown numerically [14] , for Λ < ∼ 1 and arbitrary z, the terms of Eq. (2.7) that are nonlinear in z lead to non-sinusoidal behaviour -these are generalizations of the SJJ effects. We will show The double-well BEC is a neutral superfluid system, like superfluid HeII. In the latter case, material tunneling barriers cannot exist. The only Josephson analog suggested has been [19] an imbalance in HeII heights h(t) between two baths connected by a submicron orifice,
where vortex phase slips [20] occur at a steady rate. By the Josephson frequency relation, φ (t) = mg h(t) this implies a gravitational chemical potential difference. As pointed out earlier [14] , from ¿From Eqs. (2.8),(2.15), however, the ability to tailor traps and the condensate self-interaction compensates for electrical neutrality, making the BEC doublewell system more like a (charged) SJJ [7] than like HeII. Asymmetric positioning of the laser barrier could produce an energy difference ∆E, analogous to an applied voltage, since the effective potential seen by the atoms on the smaller-volume side will have a larger curvature and have a larger zero-point energy E 0 . The (bulk) nonlinear atomic self-interaction ∼ UN T z is like a (junction) capacitive charging energy ∼ E c N T z.
The signatures for the generalized 'plasma' oscillation and 'ac' effect for the BEC, will appear in the period τ of the anharmonic oscillation as generalizations of Josephson frequencies of Eqs. (2.18), (2.20) . In unscaled units, the inverse periods are:
Since the coupling energy K ∼ A, the tunnel junction area and UN T the bulk interaction is independent of A, and the oscillation rate goes as τ
. This can be checked by varying the intensity profile of the barrier laser beam, with a low-intensity to permit tunneling, only over a cross-section A. (The plasma frequency for SJJ, τ
governs spatial variation along the junction, should be much greater than ∼ √ A to justify neglect of spatial variations of z, φ, i.e., obtain a 'flat plasmon' spectrum. For K = 0.1nK, one finds 'λ ′ J ∼ 10µm. We will not, however, consider such spatial variations here.
The nonlinearity in z, and parameter values of the BEC, supports other interesting behavior. Consider the ∆E = 0 case. If the initial 'angular kinetic energy' of the pendulum (or 'linear kinetic energy' in the particle analogy), z 2 (0) exceeds a certain critical value, namely the potential energy barrier height -cos(φ = π) = −1 -of the vertically displaced φ = π 'pendulum orientation', there will occur a steady self-sustained 'pendulum rotation'
(running particle motion). For BEC, one has Eq. (2.12), in contrast to Eq. (2.16). Rather than a unit-length pendulum, one has a non-rigid pendulum, with length
decreasing with 'angular momentum' z. The condition for the pendulum bob to roll over the 'vertical', is that the initial energy H 0 ≡ H(z(0), φ(0)) > −cos(φ = π) = 1. This implies novel behavior for z(0), φ(0), Λ, satisfying
Below the critical value Λ c , the population imbalance oscillates about a zero value. Above Λ c , the time-averaged 'angular momentum' is nonzero ( z(t) = 0), with oscillations around this nonzero value. The BEC maintains a nonzero dc population imbalance arising from the nonlinear self-interaction ∼ UN T z 2 of the atoms: the macroscopic imbalance is selftrapped. This may be termed 'macroscopic quantum self-trapping' (MQST). It differs from the He II imbalance [21] , that arises from external gravitational effects. (For the BEC, gravitational effects merely result in a gravitational sag or shift of the 'centre of mass' of the wavefunction, as noted in Appendix A and in Ref. [22] .) MQST also differs from the self-trapping of polarons [15] that arise from single electrons interacting with a polarizable lattice: it arises, instead, from self-interaction of a macroscopically large, coherent number of atoms.
The parameters UN T , K, and E 0 can be estimated [14] to be ∼ 100nK, ∼ 0.1nK, and ∼ 10nK respectively for N T = 10 4 if we take the trap-frequency ω trap to be ∼ 100Hz.
Typical frequencies are then 1/τ p ∼ kHz, and 1/τ ac ∼ kHz per nK energy difference, ∆E.
The parameter Λ can be made to be of order unity, for N T ∼ 10 6 by changing the trapfrequency. Thus, with collective mode excitation energies ∆ coll ∼ E 0 , and quasiparticle gaps ∆ qp ∼ √ UN T E 0 (as in Appendix A) the condition that excitations not be induced,
, even large population imbalances of the (neutral or un-excited) double-well BEC.
In the following Sections, we present exact solutions of Eq. (2.7) that yield experimentally verifiable predictions of phase-coherent signatures of BEC in double-well traps.
III. JOSEPHSON ANALOGS AND MQST: SYMMETRIC WELL CASE, ∆E = 0
A. Exact solutions in terms of Jacobian elliptic functions ¿From the non-rigid pendulum analogy, the energy of the system is given by
where H 0 is the initial (and conserved) energy. Using Eqs. (2.7a),(2.9),(2.22), the square of the pendulum length can be written aṡ
Combining Eqs. (3.1) and (3.2) we havė
As in polaronic contexts [15, [23] [24] [25] [26] we use Eq. (3.3) to obtain the exact solution for z(t) in terms of quadratures,
We consider ∆E = 0, and ∆E = 0 cases separately. The first draws directly on previous results by Kenkre and collaborators [15, 23, [26] [27] [28] , and work related to the second is to be found in Ref. [29] . For symmetric double wells, ∆E = 0, Eq. (3.4) becomes
The solution to Eq. (3.5) is known in general (see, e.g., Refs. [15, 23] ) and is written as 
The Jacobian elliptic functions cn(u, k) and dn(u, k) are periodic in the argument u with period 4K(k) and 2K(k) respectively where K(k) is the complete elliptic integral of the first kind (Appendix B). Thus, the time-period of oscillation of z(t) is given by [30] 
The period is infinite, as in critical slowing down, diverging logarithmically,
The elliptic functions in Eqs. (3.7) can be expanded in a Fourier series [30] . As the nonlinear parameter Λ → 0, i.e., k →∼ Λ, single harmonic sinusoidal dependences are recovered, as in the SJJ case. Using Eqs. (3.7), the time-fourier transform,
can, therefore, be written exactly as,
In the expressions above Eqs. (3.9), we have assumed initial conditions such that φ(0) = 0, π for simplicity. Choice of other initial values of φ merely adds an irrelevant phase to the fourier components with no shift in the frequencies themselves: the qualitative behavior is independent of the initial phase φ(0), that is harder to fix than the initial imbalance z(0).
B. Discussion of results
As Eq. (3.4) shows, the dynamics is governed by two initial values z(0), H 0 . However, we note that z(0), φ(0) are equally valid initial parameter values and work with them for the remainder of the paper. In particular, from Eq. (3.1) note that the two extreme initial conditions φ(0) = 0, π correspond to the two extreme values of H 0 (for a fixed value of
,(3.8),(3.9) constitute predictions for measurements of population imbalances z(t), the period τ , and the frequency spectrum z(ω), in terms of tabulated elliptic functions [30, 31] .
In the figures, we consider U > 0, Λ > 0, for φ(0) = 0, π. The case U < 0, Λ > 0 corresponds to a negative scattering length, as may occur for lithium atoms, where the condensate may be stable only for low densities [22] . The dynamical equation ( Fig. 2(d) . For Λ/Λ c > 1, there is a non-zero time-average ( z(t) = 0) value (inset of Fig. 3(a) ) and τ p /τ above the dip describes the time period of oscillations around this. The sensitivity of the curves to initial φ(0) values decreases as the initial population imbalance increases, and for the (unphysical) value of z(0) = 1, the φ(0) = 0, π curves merge, as in Fig. 3(d) . Whereas for the case when φ(0) = 0, the MQST dip is abrupt,for φ(0) = π, the transition dip is much more gradual. This observation will be elaborated later in this Section. In both cases, however, the divergence of the time-period τ is logarithmic [23] 
IV. JOSEPHSON ANALOGS AND MQST: ASYMMETRIC TRAP CASE, ∆E = 0

A. Exact solutions in terms of Weierstrassian elliptic functions
Let us now analyze the case where the traps are asymmetric, i.e., ∆E = 0, as in Fig. 1 , and return to Eq. (3.4),
As outlined in Appendix B, the solution to Eq. (4.1) for the fractional population imbalance z(t) is given as . The relationships between these functions depending on the sign of δ are detailed in Ref. [24] and reviewed in Appendix B. These results go beyond the ∆E = 0 solutions found in Refs. [15, 23] and are equivalent to those of Ref. [29] for a similar polaronic system and those of Refs. [24, 25] in different contexts.
A closed form evaluation of the spectrum was given for the symmetric trap, ∆E = 0. This is not possible for the asymmetric case, ∆E = 0. However, it is still possible to calculate analytically the time-period of the solutions in Eqs. (B19,B21a, B22,B23,B24) in terms of the complete elliptic integral of the first kind [34] . Since we will be discussing the properties of the time-period of oscillation later in this Section, we give below a brief listing of the explicit dependence of the time-period τ on the parameters of the problem, There are a few key differences between these two kinds of localization as the insets (a) and (b) show. Let us look at the φ(0) = 0 inset (a) first. When Λ < Λ c , z > 0 and is governed by the combined influence of z(0), φ(0), ∆E. Furthermore, the absolute value can be much larger than z(0). This fact is reinforced in inset (b) also. On the contrary, note that for large values of Λ (with MQST trapping), the actual value of z(t) approaches the initial imbalance value z(0) and is independent of φ(0). Thus, whereas the nonlinear self-interaction does act as an effective 'disorder' [26, 27] , there do exist significant differences between the two kinds of localization. 
V. SHAPIRO EFFECT ANALOGS
Let us now consider the analog of the Shapiro resonance effect observed in SJJ [7] .
In addition to a time-independent trap asymmetry ∆E, we impose a sinusoidal variation so that we can write the asymmetry term as ∆E + ∆ 1 cos ω 0 t). This could be done by varying the laser barrier position at fixed intensity. A similar Shapiro-like resonance effect could be seen, with an oscillation of the laser beam intensity, at fixed mid-position, so 
VI. POSSIBLE EXPERIMENTAL PROCEDURES, AND SUMMARY
In order to illustrate experimental issues, we now discuss possible 'gedanken' procedures to set up initial conditions, determine parameters, and cast data in terms of theoretical plots. 
that can be directly compared with experimental data of τ * /τ versus τ * c /τ * . The τ p (Λ) calibration curve procedure can also be followed for the ∆E = 0 case.
iii. Data Collapse: Figure 8 (b) shows that the curves are different for different z(0). Can we cast the theoretical curves/experimental data so that data collapse occurs to a universal form, common for all z(0)? From the above discussion, the bridge between theory and experiment is τ * c /τ
). Now, from Eq. (3.8), the scaled period CΛ/τ can be expressed as a function of k 2 = k 2 (Λ, z(0), φ(0)) given by Eq. (3.7b).
Thus we can cast the data in a universal curve of CΛ/τ versus k 2 , common to all z(0), that is all a complete elliptic integral of the first kind.
To summarize, we have presented analytic solutions in terms of elliptic functions for the population imbalance as a function of time and for the period of imbalance oscillations for a model describing Bose-Einstein condensate tunneling. The observation of predicted
Josephson effect generalizations to non-sinusoidal oscillations both in time and frequency;
and of a blocking of tunneling by self-trapping due to nonlinear self-interaction, and/or asymmetric traps constitute experimentally verifiable tests of quantum phase coherence in BEC.
APPENDIX A: DERIVATION OF GPE EQNS.
We sketch the derivation from the basic Hamiltonian describing a system of interacting bosons in an external potential leading to the GPE. In the treatment below, we shall follow closely earlier work [40, 41, 43] . Our starting point is the basic Hamiltonian
where the field operatorsψ † (r),ψ(r) can be written in terms of the boson creation and destruction operators of an as yet unspecified single-particle basis {φ α (r)}
Here, U(r − r ′ ) is the interaction between the particles and V ext (r) = ). We simplify the calculations by taking a contact interaction for the selfinteracting term, U(r−r ′ ) = g 0 δ(r−r ′ ). We thus arrive at the following equation of evolution forψ(r),
As sketched, for example in Refs. [40, 41] , by following Bogolyubov-type [42] [42] procedures, we obtain mean-field equations for the boson eigenfunctions φ α ,
is the density of the 'normal component' and ρ 0 (r) = n 0 |φ 0 (r)| 2 is the condensate density,
and µ is the chemical potential.
At zero temperature, we only consider the α = 0 ground state component of Eqs. (A4) and obtain the GPE equation (2.1)
where Ψ(r, t) = φ 0 (r)e −iǫ 0 t . One sees from Eq. (A4b) that the primary effect of finite temperature is to alter the energy ǫ 0 , and hence, later, the zero-point energies E 0 1,2 in the double-well case. For BEC tunneling between two symmetric traps, this temperature dependence will cancel. Thus our results of the symmetric trap case discussed for zero temperature are valid for finite temperature as well. However, for asymmetric traps, one has to consider finite temperature effects with more care.
As in Ref. [14] , we now derive the basic tunneling equations Eqs. (2.4) from the GPE eigenvalue equation, Eqs. (2.2). We take a trial solution in the form
where Φ 1,2 (r) are the time-independent GPE solutions for two independent traps, (2.2).
With the restrictions
we define parameters,
and obtain the following GPE equations for the amplitudes ψ 1,2 (t), (2.4),
Note that because of the GPE nonlinearity, the parmeters U, K, E 0 are implicit functions of N T , the atomic density. 
The solution to that equation is given in terms of Jacobian elliptic functions,
where C, α are defined in Eq. (B2b), 
However, when k increases, the departure from these simple trigonometric forms is more drastic. Specifically, when k < ∼ 1, the approximate form is
When k 2 = 1, the cn function takes the hyperbolic secant form. When k 2 > 1, the natural function is the dn function, and once k 2 ≫ 1, it takes trigonometric approximations once more,
The elliptic functions cn and dn are periodic with a period given by 4K(k), 2K(1/k) respectively where K(k) is the complete elliptic integral of the first kind. Specifically, as k → 1, the time period diverges logarithmically,
b. Asymmetric Wells: For the case ∆E = 0, one obtains Eq. (4.1),
One first writes the r.h.s. of Eq. (B7) as
where z 1 is a real root of f (z). Defining the first term on the r.h.s of Eq. (B8) to be Λt 0 /2, we are faced with the evaluation of the second term. In the method below, we shall follow Ref. [44] closely. Recognizing that f (z 1 ) = 0, we expand f (z) about z 1 .
We, further, define
and rewrite Eq. (B7) as
where 
where the constant t 0 is given below. ¿From Eq. (B10) we have
One then explicitly writes the denominator of Eq. (B13) in terms of its roots as
Combining Eqs. (B13),(B15), one obtains
where ϕ = arcsin (e 1 − e 3 )(s − e 3 ) and k is the elliptic parameter whose specific forms are given below as appropriate arguments of the Jacobian functions [see, e.g.,
Eqs. (B19),(B21).] To arrive at the properties of the Weierstrassian elliptic function
itself, one begins by constructing the discriminant
If δ > 0, all the roots e i in Eq. (B15) are real and are given by
Then the Weierstrassian elliptic function takes the form
Here sn refers to the Jacobian sn elliptic function. If δ < 0, there are two complex conjugate roots and only one real root (denoted usually by e 2 ), and given by
and the Weierstrassian elliptic function is given by
When the discriminant, δ, is zero, the Weierstrassian elliptic function takes on specific forms [34] , as below:
For g 2 = g 3 = e 1 = e 2 = e 3 = 0, (B24a)
Although the solutions have been written down in terms of the Jacobian elliptic, trigonometric, and hyperbolic functions in Eqs. ( B19,B21a, B22,B23,B24), the fourier transforms are not susceptible to a closed form evaluation of the spectrum as was the case for the symmetric trap. However, it is still possible to calculate the time-period analytically in terms of the complete elliptic integral of the first kind [34] . We give below a brief listing of the explicit dependence of the time-period τ on the parameters of the problem, δ > 0 : τ = K(k 1 )/(e 1 − e 3 ), (B25a) 
